Abstract -By the example of the Cauchy problem for the nonlinear ordinary differential equation (ODE)
it is shown that the difference scheme with specific Steklov averaging 
Introduction
One of the main problems in constructing difference schemes for equations of mathematical physics is the accuracy, i.e., the convergence of the approximate solution y of a discrete problem to the exact solution u of a differential problem in some norm. It is natural to desire the maximum order of convergence rate for a minimum number of grid nodes participating in the notation of the difference scheme (the stencil of a scheme).
Definition 1.1. A difference scheme is exact if the truncation error is equal to zero or y = u at the grid nodes.
For example, for a boundary value problem for the second order equation (k(x)u (x)) = 0, 0 < x < l, u(0) = µ 1 , u(l) = µ 2 , (1.1) the difference scheme
2)
is exact [10] . Here ω h = {x i = ih, i = 0, N ; hN = l} is a uniform in the segment [0, l] grid with a constant step h = x i − x i−1 .
In [10] , the exact difference scheme is constructed for a more difficult equation
However, the coefficients of the appropriate difference scheme are defined via the integral relationship of the functions k(x), q(x), f (x), and their practical use in the general case is difficult. For example, the stencil functional (1.3) cannot be calculated exactly for an arbitrary function k(x). Nevertheless, the using simplest quadrature formulas, we can construct numerical methods of any order of accuracy O(h m ), m 2. So, the following statement holds true.
Conclusion 1. We can construct simple numerical algorithms of high order of accuracy on the basis of exact difference schemes.
Note results for EDSs. In [5] , under natural conditions the authors show that on an arbitrary grid there exists a unique two-point EDS, i.e., a difference scheme whose solution coincides with the projection onto the grid of the exact solution of the corresponding system of differential equations. EDSs and difference schemes of an arbitrary order of accuracy for generalised one-dimensional third-order boundary value problems were proposed and justified in [3] .
It is more difficult construct EDSs for PDEs. For some systems of hyperbolic equations exact difference schemes can be constructed on the basis of the method of characteristics [4] . It is worth to note paper [9] , in which an EDS for a nonlinear PDE having linear advection and an odd-cubic reaction term is constructed. The authors used a method based on the works of Mickens [7, 8] .
In Sections 2-3 of the paper, using the special Steklov averaging
, t n t t n+1 , u n = u(t n ), t n = nτ, the exact difference schemes for some types of nonlinear ODEs, one-dimensional and multidimensional transport equations with a nonlinear right-hand side of the general form and with given initial data and boundary conditions are constructed. In the case of constant coefficients, such numerical methods can be created on rectangular grids, while in the case of variable coefficients -on moving grids only. The questions of constructing difference schemes of arbitrary order approximation for quasi-linear transport equation with a nonlinear right-hand side are discussed.
In Section 4, on the basis of the method of characteristics the exact difference schemes for linear and quasi-linear parabolic equations, whose exact solutions are presented in the form u(x, t) = X(x)T 1 (t) + T 2 (t), u(x, t) = f (x − D(t)), are constructed.
It is interesting to note that exact schemes for linear parabolic equations can be found only in the class of nonlinear schemes.
In the final Section 5, the explicit symmetrical difference schemes of the second order of local approximation O(h 2 + τ 2 ) are constructed on ordinary rectangular grids in the case of a mixed problem for an inhomogeneous wave equation with constant coefficients. It has been shown that if the Courant number γ = a 2 τ 2 h 2 = 1, then for the special approximation of the second initial condition such a scheme degenerates to EDS defined on the rhomb, whose sides coincide with the characteristic directions. This fact for homogeneous hyperbolic equation was established by M.N.Moskalkov and A.A.Zlotnik earlier. Unfortunately, such a concordance of ordinary and characteristic grids is possible only for equations with constant coefficients. In a more general case, exact schemes can only be constructed on moving grids.
In the end of the paper important conclusions are presented. Among them we can note the existence of a surprising connection between the initial boundary-value problem for PDE and the Cauchy problem for a system of nonlinear ODEs. It is interesting to note that EDS can only be constructed on the basis of explicit schemes.
Exact difference schemes for first order ODEs
In this Section, using the specific Steklov averaging the exact difference schemes for some nonlinear ODEs are constructed. The mathematical apparatus given here will be used for developing exact difference schemes for PDEs.
Consider the Cauchy problem for a nonlinear equation of the form
Introduce the uniform grid
with a constant step τ . We will denote by y = y n = y(t n ) the value of the grid function at the node t n . Since the variables in equation (2.1) are decoupled, the problem of constructing the exact scheme is trivial:
3)
In this case, the function f 1 (u) is replaced by the functional ϕ 1 (y) by means of the specific Steklov averaging with respect to the solution u or with respect to the nonlinearity. We should note the surprising connection between this approximation and approximation (1.3), which was used for constructing the exact scheme (1.2) for a differential equation of an absolutely different nature (1.1). We show that the difference scheme (2.3),(2.4) approximates the differential problem (2.1) exactly. The residual or the truncation error ψ = ψ(t n ) can be presented in the form
Using equation (2.1), we can obtain the presentation
Substituting the later expression into (2.5), we obtain ψ n = 0 for arbitrary n = 0, 1, . . . , i.e., the difference scheme (2.3),(2.4) is exact.
Note that the integrals on the right-hand sides of formula (2.4) can be calculated directly in many cases. Therefore, in numerical practice it is convenient to use the exact difference scheme (2.3), (2.4). Example 1. Consider the Cauchy problem (2.1) with the right-hand side f (u, t) = −λu + c; λ, c = const:
Averaging the right-hand side of equation (2.6) according to rule (2.4), we obtain the following exact difference scheme:
It is easy to see that from formula (2.7) we can find an explicit presentation of the approximate solution
which coincides with the exact solution at the nodes t = t n+1 :
Example 2. Consider a more difficult example
Averaging the function u 2 (t) by rule (2.4):
we obtain a linearized exact scheme of the form
Example 3. It is interesting to note the exact scheme
approximating the Cauchy problem of the form
Exact methods for transport equations
In this Section, for one-dimensional and multidimensional semi-linear transport equations of quite a general form with given initial data and boundary conditions the exact difference schemes are created. In the case of constant coefficients, such numerical methods can be constructed on rectangular grids, while in the case of variable coefficients -on moving grids alone. In the case of a quasi-linear transport equation with a nonlinear right-hand side, we failed to construct an exact scheme. However, using the mathematical tool of developing exact numerical methods, we can create a difference scheme of arbitrary accuracy order on a minimal stencil. In constructing exact numerical methods, the idea of the method of characteristics as well as the specific Steklov averaging with respect to nonlinearity (2.4) for the right-hand side and determination of the characteristic curves is used.
Semi-linear transport equation with constant coefficients
Consider initial boundary-value problem for the transport equation
where u = u(x, t), a = const > 0. On the uniform rectangular grid ( Fig. 1 ) with constant space h and time steps τ :
we approximate the differential problem (3.1) by the difference problem (index form of notation):
Here y = y n i = y(x i , t n ) and the stencil functional ϕ has a form similar to (2.4):
For arbitrary grid steps τ and h we have an ordinary first order difference scheme ψ = O(h + τ ). It is evident that if the Courant number γ equals one 6) then the nodes of the uniform grid (x i−1 , t n ), (x i , t n+1 ) are located on the characteristics of equation (3.1) (see. Fig. 2 
We show that the difference scheme (3.3), (3.4) is exact under condition (3.6). To do this, we consider the expression for the truncation error
Using the differential equation (3.1), we obtain a sequence of relationships
Substituting the last formula into (3.8), we obtain Ψ = 0. Thus, the difference scheme (3.3), (3.4) is exact under condition (3.6).
Definition 3.1. A difference scheme is said to be explicit if for the approximation of the space derivatives only the nth time layer is used.
Suppose ϕ = 0 in equation (3.1) . Consider the weighted scheme
For σ = 0 the difference scheme (3.10) is explicit, while for σ = 0 it is implicit. It can be shown that for σ = 0, there do not exist grid steps τ and h such that the difference scheme (3.10) is exact. From this one very important conclusion follows. So, the following statement is true.
Conclusion 2. The exact difference schemes can be constructed on the base of the explicit schemes.
Using the definition of derivative (3.9) along the characteristic direction
while the corresponding exact difference scheme (3.3) under condition (3.6) is presented in the following form:
The difference scheme (3.12) is constructed using two nodes (x i−1 , t n ), (x i , t n+1 ) located on the characteristic (moving grid) (Fig. 2) . If the Courant number γ = 1, then the nodes of Let us note two more important moments. Scheme (3.12) complies with the known characteristic method. However, in order to obtain the exact scheme the specific Steklov averaging with respect to the nonlinearity for the right-hand side is used here. The boundaryvalue problem for the partial differential equation is written as the Cauchy problem for the ordinary differential equation. In the later case, the problem of constructing exact difference schemes was considered before. Here and further we will see a surprising relationship between the boundary value problems for PDEs and the Cauchy problems for ODEs. for all i, n can be found using explicit formulas.
Exact schemes for equations with variable coefficients
To develop appropriate numerical methods, we use the idea of the method of characteristics. Consider a moving nonstationary grid 
The exact difference scheme for this equation was given earlier
(3.20)
Suppose the right-hand side f (x, t, u) = 0, then problem (3.14), (3.15) is linear, while the appropriate Cauchy problem (3.18), (3.19) is nonlinear. We see that even in the case of linear boundary-value problems for PDEs, there exists a close relationship between these problems and the Cauchy problem for nonlinear ODEs. So, the following statements are valid.
Conclusion 3. There exists a surprising relationship between the time-dependent problem for PDEs and the system of nonlinear ODEs.
Conclusion 4. To develop exact difference schemes for general time-dependent equations, irregular moving grids have to be used.
Exact schemes for divergent transport equation
Consider the following initial boundary value problem
If the coefficient c(x, t) < 0 is negative for all 0 x < l, t > 0, then the boundary condition has to be posed on the right boundary {x = l, t 0}. We transform equation (3.21) to the considered above case (3.14):
In turn, the linear equation (3.24) is equivalent to the system of nonlinear ODEs
Using the above approach, we construct the exact difference scheme on a moving grid
The last equation can be rewritten in the following form:
(3.28)
High order difference schemes for quasi-linear inhomogeneous equation
First, we consider a mixed problem for a homogeneous quasilinear equation
For such a statement of the problem we assume that for all (x, t) from the domain definition the solution u(x, t) > 0 is rigorously positive. We write equation (3.29) in the characteristic form
Using the method of characteristics and the explicit scheme, we find the nodes x n+1 i situated on the characteristic
Then, according to the second equation (3.30), we establish
To prove that scheme (3.31), (3.32) is exact, we consider the residual (truncation error):
Using the Taylor formula and equation (3.29), we obtain
Thus, x t = u and Ψ = 0. Unfortunately, for an inhomogeneous equation, e.g., of the form
we failed to construct any exact scheme. Nevertheless, writing equation (3.33) in the characteristic form
and using the above mathematical apparatus, we create trivially the difference scheme 
Difference schemes for the two-dimensional transport equation
The results obtained above can be generalized to multidimensional equations. For simplicity we restrict ourselves to the two-dimensional case. In the parallelepiped
consider the initial boundary-value problem for the two-dimensional transport equation
We rewrite problem (3.37)-(3.39) in the equivalent form defining preliminarily the derivative along the direction l in the space O x 1 x 2 t :
The concrete direction is determined by the formulas
Thus, equation (3.37) along this direction is written as
The exact difference scheme for problem (3.37)-(3.38) or (3.40), (3.41), (3.38) on a moving grid has the form
where y Consider a boundary-value problem for the simplest parabolic equation
We look for the curves x = x(t) such that along them the solution of problem (4.1)-(4.2) does not change. Then, according to the definition of the directional derivative, we have
It is evident that if we define these curves as 
∂u ∂t
(4.8)
From equation (4.6) we find the characteristic curves Since along the characteristic the exact solution remains unchanged, it is easy to find the exact solution of problem (4.1), (4.2) 
For all differential problems considered in this Section the exact difference scheme has the form follow. The characteristic grid in the case of a mixed problem for a parabolic equation is presented in Fig. 3 .
Inhomogeneous boundary conditions
For equation (4.1) we establish the following initial data and boundary conditions:
instead of (4.2). Similarly (4.9), using the technique described above we find the characteristics
, 0 x(0) < π, and the function u(x(t), t) = e − t 4 sin x 2 , 0 x < π, t 0, which satisfies equation (4.1), the initial data for t = 0, and the boundary condition for x = 0, but does not satisfy the boundary condition for x = π. There exist some problems connected with the determination of characteristics by means of formula (4.4) for x ∈ Γ, where Γ is the domain boundary. Nevertheless, in this case, on the basis of equation (4.1) we have
Therefore, the line x = π, t 0 is a characteristic of problem (4.1), (4.2). Along this line the constant value of the solution u(π, t) = 1 is transferred.
Exact finite difference schemes for convection-diffusion problems with a small parameter
In this Section, we consider two questions. The first question is the determination of automodel solutions of initial boundary-value problems for time-dependent equations if the exact solution of the appropriate stationary problem is known. The second one is as follows: how is it possible sometimes to construct an absolutely simple exact difference scheme for a quite difficult problem? Consider the classical example of a stationary boundary value problem with a small parameter given in [2] εu ε (x) + u ε (x) = 0, x ∈ Ω = (0, 1), Consider the problem of finding the automodel solution for the nonstationary advectiondiffusion equation with the initial condition (4.17):
The boundary conditions will be determined later. We will seek for the exact solution in the class of functions u(x, t) = X(x)T 1 (t) + T 2 (t). 
Hence, the function 
Note that problem (4.18), (4.19) is equivalent the next one
for which it is easy to construct an exact difference scheme using the minimum number of grid nodes
Non-homogeneous semilinear equation
The characteristic method for solving the parabolic equations described above is generalized to more complicated equations as well. First consider the Cauchy problem for the equation of special form [11] .
We will seek for the exact solution in the class of functions (4.5). In accordance with the above method we find the characteristics of equation (4.24) 
is found from the initial condition (4.28). Therefore, the solution of problem (4.27), (4.28) can be given in the form Expressing from formula (4.35) the relation
and substituting it into (4.36), we finally find the approximate solution
which coincides with the exact solution (4.32) in the nodes of the movable grid (x n i , t n ). Above we have described two approaches (analytical and numerical) for finding the exact solution of the Cauchy problem for the semilinear parabolic equation based on the idea of the characteristic method for the transfer equation. From this two important conclusions can be drawn.
Conclusion 6. Exact difference schemes can be interpreted as a specific notation of the solution of the initial differential problem at an arbitrary point.

Conclusion 7. For complicated problems of mathematical physics it is advisable to construct such computational methods which would be exact in the case that the equation degenerates into an equation of a simpler structure in some subdomains.
Likewise, exact schemes for more common nonhomogeneous semilinear equations are constructed
on the assumption that the exact solution and the coefficient k(
Then the characteristics of equation (4.37) satisfy the equation
In this case, equation (4.37) is equivalent to the system of nonlinear ODEs
For such equations we can easily write the exact schemes
Exact schemes for quasi-linear parabolic equations
Consider the principles of constructing exact difference schemes for the given class by giving an example of the following problem [10] : 
(4.40)
Finding the characteristic curves from the equation
by the above method seems difficult for two reasons: because of the nonlinear coefficient and the homogeneity of the initial function. Nevertheless, one can find them approximately and try to analyze. We introduce an ordinary uniform grid of nodes with constant steps h and τ (3.2). We will seek characteristics (4.42) by the formula 
We used above the following notations:
For the realization of the implicit scheme the usual iterative process has been used [10] : Table 1 gives the approximate values of the velocity of propagation of the characteristics d n i computed by formula (4.41) at κ 0 = 0.5, u 0 = 2, σ = 2, at t = 1 and t = 2 respectively. From this one can conclude that the propagation velocity of the characteristics is constant. The problem of finding this constant without using the exact solution (4.40) arises. We will try to find it from the inhomogeneous boundary condition (4.39) at x = 0. We cannot define it directly from formula (4.42) since the value of the derivative ∂u ∂x (0, t) is unknown. However, assuming that d = const, from formula (4.42) we get the relation
Since relations (4.42), (4.44) hold at any point, from the given formulas with the use of equation (4.38) we obtain the equation for d 
for which the explicit difference scheme 
Integrating it on the segment [x i , x i+1 ], we obtain the difference relation
Multiplying the last expression by u i and differentiating it numerically with respect to x i , we derive the equality
Since d = D = const, from the equation for characteristics (4.42) we get the differential relation If condition (4.57) is not satisfied then the difference scheme (4.55), (4.56) is not exact. It belongs to the class of ordinary difference schemes. The most strange thing in the exact scheme (4.55)-(4.57) is the fact that it is unstable under condition (4.57). It will be recalled that the stability condition of the explicit scheme in our case is defined from the condition
One can calculate by scheme (4.55)-(4.57) on the assumption that all computations are carried out exactly. This is possible only when σ = 1. At σ = 1 the round-off errors will accumulate and the solution of the difference problem will increase without limit because of the scheme instability. The question arises: is it possible to make calculations using an exact instable scheme? The computer experiments show that the scheme begins to "collapse" at the 11th time step. However, because the scheme is exact the time step τ can be chosen such that τ = 0.1. As the computational experiment shows (see Fig. 5b ), the solution by the instable scheme "collapsed" at the 15th step. Since the scheme is exact, one can choose any time step in such a way that the solution of the difference scheme will have no time to "collapse". Figure 5c gives the computational results obtained by the same instable scheme at the instant of time t = 2 with a time step τ = 0.2. 
and for its numerical solution use the explicit difference scheme
, which will be exact (but instable) in the case that the conditions
are fulfilled. For example, at k(u) = 1 for the linear parabolic equation the corresponding explicit difference scheme will be nonlinear:
Remark 4.2. Exact schemes can be constructed for other more complicated quasi-linear equations. Let us consider the following differential problem:
The exact solution is introduced in the form of a running wave propagating with a variable velocity
As before, the equation characteristics
can be found by means of the boundary condition and the differential equation. In this case, a mixed differential problem for a complicated parabolic equation is equivalent to the initial and boundary problem for the transport equation
The exact difference scheme has already been constructed on the moving grid:
Note that the obtained relationship between the parabolic and the transport equations allowed us to easily construct new automodel solutions in the form of running waves with a variable velocity.
Remark 4.3. The above approaches to the construction of exact schemes for parabolic equations using the method of characteristics for hyperbolic equations of the first order can be described by the differential problem statements in the moving system of coordinates. Consider the quasi-linear parabolic equation
Let us introduce a new movable system of coordinates in the form
where Ψ is the Jacobian transform. Then in the system of coordinates (q, t) the differential equation (4.58) will be rewritten as
For constructing exact schemes, it is essential that the rate of motion of nodes D satisfies the equation
In this case, equation (4.56) is equivalent to the system of equations
The given approach is close to the idea of the method of dynamic adaptation widely used in the works by A.A. Samarskii and V.I. Mazhukin [1, 6, 12, 13] .
The exact method for the equation of vibrations of a string
In this section, the exact symmetric difference schemes of the second order of local ap-
) for the mixed problem for the inhomogeneous wave equation with constant coefficients are constructed with the use of ordinary rectangle grids. It is shown that if the Courant number γ = a 2 τ 2 h 2 = 1, then at a special approximation of the second initial condition such a scheme degenerates into an exact scheme defined on a rhomb whose sides coincide with the characteristic directions. Unfortunately, such a coordination of ordinary and characteristic grids is only possible for equations with constant coefficients.
Problem statement
Consider the equation of homogeneous string oscillation
with the initial and boundary conditions of the form
Difference scheme
In the domain D = {(x, t) : 0 x l, 0 t T } let us introduce a rectangle grid with constant space h and time steps τ :
On the introduced uniform grid we will approximate the differential problem (5.1)-(5.3) by the explicit difference scheme
x i+1
Here the following notations are used:
f (ξ, η)dξdη, n = 1, It is interesting to compare the approximation of the second initial condition (5.6) with the formula usually used for these purposes [10] ) for the second initial condition. Note that the exact explicit symmetric difference scheme (5.4) is written on the five-point stencil "cross".
Conditions of the exact difference scheme
As mentioned above, exact schemes can be constructed only on the basis of explicit computational methods. We show that if the Courant number . 6 ), respectively.
Thus, the solution in the trapezoid OM 1 M 2 l is completely defined by the initial conditions and can be found as a solution of the Cauchy problem by the Dalamber formula [14] u(x, t) = 1 2 (u 0 (x − at) + u 0 (x + at)) + 1 2a (5.16) 3. Exact difference schemes can be interpreted as a specific notation of the solution of the initial differential problem at an arbitrary point.
4. These algorithms are very fast as we may use the minimum number of nodes of the grid.
5. If the scheme is exact, you don't have to investigate the convergence. 6. On the basis of the exact difference schemes one can construct simple computational algorithms of a high order of accuracy.
7. A mathematical apparatus for constructing exact difference schemes for semilinear equations can be used to construct difference schemes of an arbitrary order of approximation on a minimal stencil for quasi-linear equations.
8. For complicated problems of mathematical physics, it is expedient to construct such computational methods which would be exact in the case of degeneration of the equation into equations of a more simpler structure in some domains.
